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The construction and classification of symmetry-protected topological (SPT) phases in interacting
bosonic and fermionic systems have been intensively studied in the past few years. Very recently,
a complete classification and construction of space group SPT phases were also proposed for inter-
acting bosonic systems. In this paper, we attempt to generalize this classification and construction
scheme systematically into interacting fermion systems. In particular, we construct and classify
point group SPT phases for 2D-interacting fermion systems via lower-dimensional block-state deco-
rations. We discover several intriguing fermionic SPT states that can only be realized in interacting
fermion systems (i.e., not in free-fermion or bosonic SPT systems). Moreover, we also verify the re-
cently conjectured crystalline equivalence principle for 2D-interacting fermion systems. Finally, the
potential experimental realization of these new classes of point group SPT phases in 2D correlated
superconductors is addressed.
Introduction – In recent years, the concept of quan-
tum entanglement patterns has played an essential role in
constructing and classifying topological phases of quan-
tum matter. At a very basic level, the ground state of
a gapped quantum system can be classified as a long-
range or short-range entangled state. In the presence of
global symmetry, even short-range entangled states can
be classified into numerous different phases, including the
symmetry-protected topological (SPT) phases [1–4], in
addition to the conventional symmetry-breaking phases.
The simplest example of an SPT phase is a topological
insulator, which is protected by time-reversal and charge-
conservation symmetry [5, 6]. Having a complete con-
struction and classification of SPT phases is a crucial step
towards understanding these peculiar quantum phases of
matter. A general scheme of classifying bosonic SPT
(BSPT) phases has been well established using group co-
homology theory [3, 4] and invertible topological quan-
tum field theory (TQFT) [7–10]. An alternative strat-
egy of classification was constructed in Ref. 11 by “gaug-
ing” the global symmetry and investigating the braiding
statistics of gauge fluxes. A complete classification for
fermionic SPT (FSPT) phases can also be obtained by
the so-called general group super-cohomology theory [12–
14], spin cobordism theory [15, 16], or by gauging the
corresponding global symmetry [17–23].
Very recently, crystalline SPT phases have been inten-
sively studied for free-fermion and interacting bosonic
systems [24–37]. These states are not only of concep-
tual importance, but also provide great opportunities for
experimental realization [38–41]. In particular, an ex-
plicit block-state construction scheme for crystalline SPT
phases was established in Ref. 26. Furthermore, it has
been highlighted that the classification of space group
SPT phases is closely related to SPT phases with inter-
nal symmetry. In Ref. 28, a “crystalline equivalence prin-
ciple” was proposed: i.e., crystalline topological phases
with symmetry G are in one-to-one correspondence with
topological phases protected by the same internal sym-
metry G, but acting in a twisted way, where if an element
ofG is a mirror reflection, it should be regarded as a time-
reversal symmetry. Thus, the classification of crystalline
SPT phases for interacting bosonic and free-fermion sys-
tems can be computed systematically. For interacting
fermion systems, the strategy of classification schemes
has also been discussed [28, 33–35] and some simple ex-
amples have been studied [36, 42]; however, a detailed
understanding of generic cases is still lacking.
In this paper we systematically study the construction
and classification of 2D FSPT phases protected by point
group symmetry via a block-state decoration scheme.
In particular, we discover several intriguing fermionic
point group SPT phases that cannot be realized in ei-
ther free-fermion or in interacting boson systems. Table
I summarizes the classification results. We also compare
these results with the classification of 2D FSPT phases
with the corresponding internal symmetry. We conjec-
ture a fermionic crystalline equivalence principle, stat-
ing that a mirror reflection symmetry action should be
mapped onto a time reversal symmetry action, and that
spinless(spin-1/2) fermion systems should be mapped
onto spin-1/2(spinless) fermion systems. The possibility
of experimental realization is also addressed.
A simple example with a D4 symmetry – It is well
known that there are 10 point groups in 2D, classi-
fied as cyclic groups Cn and dihedral groups Dn (n =
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spin
spinless spin-1/2
C2m−1 Z2m−1 Z2m−1
C2m Zm
{
Z2 × Z4m, m ∈ odd
Z8m, m ∈ even
D2m−1 Z2 Z1
D2m Z2 Z2 × Z2
TABLE I. The classification of interacting 2D FSPT phases
with point group symmetry for spinless fermions and spin-1/2
fermions.
1, 2, 3, 4, 6). As the Cn cases have already been discussed
in Ref. 36, here we mainly focus on the Dn cases. Math-
ematically, each dihedral group is a semiproduct of a ro-
tation and a reflection symmetry group Dn = Cn o ZM2 .
It eventuates that the most interesting and complicated
cases arise for even numbers of n. Below, we will begin
with the most intriguing case for spinless fermion sys-
tems, namely, the case protected by a D4 symmetry (the
simplest non-Abelian point group).
Similar to Ref. 26, we first study the “extended triv-
ialization” of D4. Thus, suppose a |ψ〉 is an SPT state
that cannot be trivialized by a finite-depth circuit: i.e.,
the local unitary Oloc connecting |ψ〉 to a trivial product
state |T 〉 will break the symmetry. Nevertheless, we can
act with an alternative local unitary to extensively triv-
ialize |ψ〉. First, we trivialize the region U (see Fig. 1):
i.e., restrict Oloc to U as OlocU and act it on |ψ〉:
OlocU |ψ〉 = |TU 〉 ⊗ |ψU¯ 〉 (1)
where the system is in the product state |TU 〉 in region U
and the remainder of the system U¯ is in the state |ψU¯ 〉.
To trivialize the system symmetrically, we denote that
VgO
loc
U V
−1
g trivializes gU (g ∈ D4, see Fig. 1). Therefore,
we act on |ψ〉 with:
OlocR =
⊗
g∈D4
VgO
loc
U V
−1
g (2)
which results in:
|ψ′〉 = OlocR |ψ〉 =
⊗
g∈D4
|TgUg−1〉 ⊗
4,d⊗
i=1,a
|ψi〉 ⊗ |ψ0D〉 (3)
Now, all nontrivial properties of |ψ〉 are encoded in lower-
dimensional block-states |ψi〉 and |ψ0D〉.
Next, we consider the 1D block-state |ψi〉. Let us
divide 1D blocks into two categories: i.e., category-I
(1 ∼ 4) and category-II (a ∼ d). As these two categories
are independent under D4 symmetry, we can discuss the
decorations on these categories separately. We investi-
gate the decoration on category-I (Zf2 is the fermion par-
ity, R and M are rotation and reflection generators of
D4). Decorations on (1, 3)/(2, 4): (1, 3)/(2, 4) are invari-
ant under M/MR2, and the block-state should consist
FIG. 1. Extended trivialization of 2D FSPT phases with di-
hedral group D4. Here all shadowed regimes are trivialized
according to Eq. (3).
of 1D FSPT phases with Zf2 ×Z2 internal symmetry, and
be compatible with all other space group symmetries.
The classification of 1D-invertible topological order
(ITO) with Zf2 × Z2 symmetry for interacting fermion
systems is Z22 described by the following root phases [14]:
1. The Kitaev Majorana chain [43, 44];
2. An FSPT state that can be realized by two Majo-
rana chains [12–14].
We note that all of these can be realized by fixed-
point wavefunctions and exact-soluble parent Hamilto-
nians. First, we investigate the Majorana chain deco-
ration. Considering four Majorana chains decorated on
category-I, there are four Majorana modes (γ1, γ2, γ3, γ4)
located at the 0D block, with the local fermion par-
ity Pf = −γ1γ2γ3γ4, which is odd under rotation:
RPfR
−1 = −γ2γ3γ4γ1 = −Pf . Hence, these four Majo-
rana modes form a projective representation of the group
C4 × Zf2 as a subgroup of D4 × Zf2 . Therefore, a non-
degenerate ground state is forbidden. As a consequence,
Majorana chain decoration on category-I is forbidden by
D4 symmetry, and the above argument is also applicable
for category-II. Note that if we consider all 1D blocks to-
gether and decorate a Majorana chain on each, Pf com-
mutes with rotation. Nevertheless, it is simple to verify
that Pf anti-commutes with reflection, thus Majorana
chain decoration remains forbidden by D4.
Subsequently, we investigate the decoration of 1D
FSPT states on category-I. Consider the geometry shown
in Fig. 2, with eight Majorana modes located at the
rotation center: (γ1, γ2, γ3, γ4) and (γ
′
1, γ
′
2, γ
′
3, γ
′
4), with
rotation and reflection symmetry R4 = 1 and M2 = 1:
R : γi 7→ γi+1, γ′i 7→ γ′i+1, i = 1, 2, 3, 4 (4)
M : γi 7→ −γ6−i, γ′i 7→ γ′6−i, i = 1, 2, 3, 4 (5)
3FIG. 2. 0D block of 2D FSPT with D4 symmetry, correspond-
ing to 1D FSPT phase decoration. Blue dots represent the
Majorana zero modes on the edge of decorated root phases.
All subscripts take the values with modulo 4, e.g., γ5 ≡ γ1
and γ′5 ≡ γ′1. Now we explain why we need to in-
troduce the above symmetry properties for Majorana
modes. As the rotation properties are easier to under-
stand, we mainly focus on the reflection properties below.
For the vertical axis, M acts as an on-site Z2 symmetry,
and the two Majorana modes at the edge of the decorated
1D FSPT state should anti-commute with the fermion
parity. Thus, for i = 1, 3, M : γi 7→ −γi, γ′i 7→ γ′i. Simi-
larly, for the horizontal axis, MR2 acts as an on-site Z2
symmetry, so for j = 2, 4, MR2 : γj 7→ −γj , γ′j 7→ γ′j .
Together with rotational symmetry (Eq. (4)), it is easy
to verify that for j = 2, 4, M : γj 7→ −γ6−j , γ′j 7→ γ′6−j .
Finally, we try to gap out these Majorana modes
through interactions in a symmetric way. First, we con-
sider the following interacting Hamiltonian:
HU = U
[
γ1γ
′
1γ3γ
′
3 + γ2γ
′
2γ4γ
′
4
]
, U > 0 (6)
For the ground state,
γ1γ
′
1γ3γ
′
3 = γ2γ
′
2γ4γ
′
4 = −1. (7)
The ground state is four-fold degenerate from Eq. (6).
To lift this degeneracy, we can further add a term:
HJ = J(γ1γ2γ′1γ′2 + γ1γ2γ′3γ′4), J > 0 (8)
Consider the total Hamiltonian H = HU +HJ and take
the limit U →∞, such that it leads to the constraint Eq.
(7). Within the constraint subspace, Hamiltonian (8)
is symmetric under D4 symmetry. Then, because both
terms in HJ commute with each other and have eigenval-
ues ±J , HJ has a unique ground state with eigenvalue
−2J . Thus, we can lift the degeneracy in a D4 symmetric
way and this decoration is compatible with D4 symmetry.
Below, we argue that such a 1D block-state deco-
ration cannot be trivialized. Considering a 2D sys-
tem with an open boundary (see Fig. 3), we further
place four additional Majorana chains (α, β, γ, δ) on the
FIG. 3. Forbidden trivialization of 1D FSPT phase-
decoration on category-I for spinless fermions. Again, blue
dots represent the Majorana zero modes.
boundary, adding eight additional more Majorana modes
(γj , γ
′
j), j = α, β, γ, δ. For any group of four Majorana
modes, e.g., (γ1, γ
′
1, γα, γ
′
δ), at one side of the edge with
the following reflection symmetry properties:
M : (γ1, γ
′
1, γα, γ
′
δ) 7→ (−γ1, γ′1, γ′δ, γα). (9)
this group will be gapped without breaking the reflection
symmetry due to the compatibility of local fermion par-
ity Pf = i
2γ1γ
′
1γαγ
′
δ. Nevertheless, it is remains unclear
whether such a “trivialization scheme is compatible with
the full D4 symmetry. Considering the Majorana chain
labeled by α, the symmetry M ′ ≡ MR3 ∈ D4 acts
on α as an effective reflection symmetry. However, be-
cause a single open Majorana chain is incompatible with
reflection symmetry M ′2 = 1(anti-commutes with the
total fermion parity), this suggests that the boundary
Majorana modes cannot be gapped out without break-
ing the full D4 symmetry. As a result, we conclude that
the 1D FSPT state decoration on category-I must de-
scribe a non-trivial 2D FSPT state with D4 symmetry.
In practice, the 2D FSPT state that we have constructed
here is an intrinsic interacting FSPT state that cannot
be realized by free-fermion systems [45–48] or interacting
bosonic systems.
Similar arguments hold for category-II. Thus, the
question naturally arises of whether these two cases de-
scribe independent FSPT states or not. Let us consider
the geometry in Fig. 4, where we place eight different
Majorana chains labeled by α ∼ θ on the boundary of
the system. It is simple to verify that this assignment
respects D4 symmetry. Then, as aforementioned, each
Majorana mode on the boundary can be symmetrically
gapped out without breaking the two reflection symme-
triesM andM ′. Therefore, this case indeed corresponds
to a trivial bulk because a gapped, short-range entan-
gled symmetric boundary termination is obtained. That
is, the cases of decorating 1D FSPT phases on category-I
and category-II are non-independent and these two types
4FIG. 4. Trivialization of decorated 1D FSPT state on both
category-I and category-II 1D blocks for spinless fermion sys-
tems.
of decorations give rise to only one nontrivial FSPT state.
Now we consider the 0D block-state |ψ0D〉. As D4 acts
on the 0D block as an internal symmetry, the full data
of the 0D block-state are [14]:
H0(Z4 o Z2,Z2)×H1[Z4 o Z2, U(1)] = Z2 × Z22 (10)
We first consider an atomically insulating state with four
complex fermions
|φ〉0D = c†1c†2c†3c†4|0〉, (11)
with the following symmetry properties (all subscripts
take the value of modulo 4):
R : c†i 7→ c†i+1, M : c†i 7→ c†6−i, i = 1, 2, 3, 4 (12)
Again, all subscripts take values of modulo 4, and the
above symmetry actions on Eq. (11) give rise to:
R|ψ〉0D =M |ψ〉0D = −|ψ〉0D (13)
Thus, the eigenvalue −1 of rotation symmetry and re-
flection symmetry indeed corresponds to a topological
trivial state. In Ref. 36, a closed Majorana chain sur-
rounding the 0D block is introduced to trivialize the 0D
block-state with odd fermion parity. This construction
can also be applied here the 0D block-state with odd
fermion parity will also be trivialized (see supplementary
material for full details). Therefore, all 0D block-states
are trivialized and the classification of 2D FSPT phases
protected by dihedral symmetry D4 for spinless fermions
is Z2 (see Table I). This classification coincides with the
classification of the 2D FSPT protected by internal sym-
metry Z4 oZT2 (where ZT2 is time-reversal symmetry) for
spin-1/2 fermions (see Table II).
Finally, we discuss systems with spin-1/2 fermions.
Through similar block-state constructions, we obtain a
Gb
spin
spinless spin-1/2
Z2m−1 Z2m−1 Z2m−1
Z2m
{
Z2 × Z4m, m ∈ odd
Z8m, m ∈ even Zm
Z2m−1 o ZT2 Z1 Z2
Z2m o ZT2 Z2 × Z2 Z2
TABLE II. The interacting classification of 2D FSPT phases
with internal symmetries, for spinless and spin-1/2 fermions,
respectively. ZT2 is time-reversal symmetry.
Z22 classification: 1D block-state decorations do not con-
tribute to any nontrivial FSPT phase, because for 1D
systems with spin-1/2 fermions and Z2 symmetry (to-
tal symmetry group is Zf4 ), there is no nontrivial SPT
phase [14]. For the 0D block, the first Z2 of Eq. (10) is
not allowed [14], and Eq. (13) has no nontrivial eigen-
value under rotation and reflection. Thus, there is no
trivialization in this case. We note that for spin-1/2
fermions, there would be an extra i factor in Eq. (12)
with R2 =M2 = −1, which cancels the −1 in Eq. (13).
Thus, 0D block-state decorations contribute to a Z22 clas-
sification. Thus, the overall classification of 2D FSPT
phases with D4 symmetry for spin-1/2 fermions is Z22.
Point group FSPT with general Dn symmetry – Spin-
less and spin-1/2 fermion systems with D2 and D6 point
group symmetry can also be constructed in a similar way
and the classification results are exactly the same as the
D4 case. Moreover, a 2D FSPT state protected by Dn
symmetry with odd n can also be constructed by similar
block-state decorations as aforementioned. In practice,
the essential contributions of nontrivial FSPT phases in
these cases solely derive from the reflection subgroup. All
results of classification are summarized in Table I, and
the full details of the wavefunction constructions can be
found in supplementary material.
Generalized crystalline equivalence principle – To this
end, we would like to examine the generalized crystalline
equivalence principle for 2D-interacting fermion systems:
we calculate the classification of 2D FSPT phases with in-
ternal symmetry Zn and ZnoZT2 using the so-called gen-
eral group super-cohomology theory[14]. The classifica-
tion results are shown in Table II (see supplementary ma-
terial for detailed calculations). Comparing the results in
Table I and II, we conjecture that the crystalline equiv-
alence principle can be generalized into 2D-interacting
fermion systems. We should map the mirror reflection
symmetry onto an internal time-reversal symmetry and
we should also map spinless(spin-1/2) fermions onto spin-
1/2(spinless) fermions. The twist on spinless and spin-
1/2 fermions can be naturally interpreted as the spin ro-
tation of fermions: a 2pi rotation of a fermion around a
specific axis results in a −1 phase factor, see supplemen-
tary material for more details.
5Conclusion and discussion – In this paper, we sys-
tematically constructed and classified the 2D interact-
ing FSPT phases with point group symmetry using ex-
plicit block-state constructions (with D4 symmetry as a
concrete example). Our results also verify the general-
ized crystalline equivalence principle for 2D-interacting
fermionic systems. Experimentally, single-layer iron se-
lenide (FeSe, an iron-based superconductor with space
group P4/nmm in 3D [49–52]) on a ferromagnetic sub-
strate could be a natural candidate for realizing an intrin-
sic FSPT phase with D4 symmetry. (We note that the
fermions in iron selenide are spin-polarized due to the fer-
romagnetic proximity, and can thus be effectively treated
as spinless.) Finally, we emphasize that the method pro-
posed here is also applicable to space group symmetry,
and that exploration of its higher-dimensional general-
izations would be a very interesting future direction.
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6Supplemental Material
I. Twist of spinless/spin-1/2 fermions
In the main text we conjectured a generalized “crys-
talline equivalence principle” for 2D interacting fermionic
systems, with a twist on spinless and spin-1/2 fermions.
In this section we discuss about the physical understand-
ing of this peculiar twist.
A. Central extension of fermion parity
Different extensions of fermion parity (labeled by
Zf2 ) of the symmetry group characterize the systems
with spinless and spin-1/2 fermions. For a interacting
fermionic system with a physical symmetry group Gb,
the total symmetry group Gf is a central extension of
fermion parity Zf2 :
0 −→ Zf2 −→ Gf −→ Gb −→ 0 (S1)
and different central extensions are characterized by dif-
ferent factor systems of Eq. (S1).
Lemma (Factor System) For a group (G, ·), an
Abelian group (A,+), and a short exact sequence:
0 −→ A −→ X −→ G −→ 0 (S2)
There is a factor system of the short exact sequence Eq.
(S2) who consists the function f and a homomorphism
σ:
f : G×G −→ A
(g, h) 7−→ f(g, h) ,
σ : G −→ End(A)
g 7−→ σg
(S3)
such that it makes the Cartesian product G×A a group
X with multiplication:
(g, a) ∗ (h, b) = (g · h, f(g, h) + a+ σg(b)) (S4)
And f must be a group 2-cocycle which is classified by 2
group cohomology: f ∈ H2(G,A). Where End(A) is the
endomorphism of group A.
For even-fold dihedral group, different extensions of
fermion parity [cf. Eq. (S1)] are characterized by the Z2-
valued group 2-cohomology of even-order dihedral group
Dn is:
H2(Dn,Z2) = Z32 (S5)
which are labeled by Rn,M2, (MRn/2)2 = ±1 (R and
M are rotation and reflection generators of dihedral
group). More precisely, they are labeled by the following
2-cocycles: 
ω2(R
n/2,Rn/2) = ±1
ω2(M ,M) = ±1
ω2(MR
n/2,MRn/2) = ±1
(S6)
FIG. S1. Rotations of topological spin around 3 axes, gen-
erated by M2, (MRn/2)2 and Rn symmetry operations, re-
spectively.
It is easy to verify that 2-cocycles in Eq. (S6) are in-
dependent with each other and gauge invariant [i.e., Eq.
(S6) is invariant if we add arbitrary 2-coboundary to each
of them].
B. Physical understanding of twist
The most physical relevant cases are systems with spin-
less or spin-1/2 fermions, which are characterized by the
following abbreviated 2-cocycles:
Rn =M2 = (MRn/2)2 = ±1
where +/− corresponds to spinless/spin-1/2 fermions. In
this subsection we discuss the physical understanding of
these 2-cocycles.
n-fold rotational operation Rn generates a 2pi rota-
tion of topological spin of fermions around z-axis; 2-fold
reflection operation M2 generates a 2pi rotation of topo-
logical spin of fermions around x-axis; 2-fold operation of
a composition of n/2-fold rotational operation and reflec-
tion operation (effectively, this composite is the reflection
operation with respect to y-axis), (MRn/2)2, generates a
2pi rotation of topological spin of fermions around y-axis
(cf. Fig. S1). All of aforementioned 2pi rotations of topo-
logical spin of fermions will result a −1 phase factor of the
wavefunction of fermions. As the consequence, the gener-
alized “crystalline equivalence principle” in (2+1)D inter-
acting fermionic systems should have a twist of fermion
parity extensions due to the aforementioned 2pi rotation
of topological spin of fermions around 3 axes, respec-
tively, which are labeled by 2-cocycles ω2 ∈ H2(Dn,Z2),
as shown in Eq. (S6). Equivalently, the twist of spinless
and spin-1/2 fermions can be understood by rotations of
topological spins of fermions.
7II. Symmetry property of the gapping Hamiltonian
In the main text, we discussed the FSPT phases pro-
tected by D4 symmetry for spinless fermions, and the
unique nontrivial SPT state can be obtained by 1D FSPT
state decoration. In particular, we use 2 interacting
Hamiltonians [Eqs. (6) and Eq. (8) in the main text]
in order to gap out the dangling Majorana fermions as
the edge modes of the decorated 1D FSPT states near
the 0D block. We investigate the symmetry properties of
these 2 interacting Hamiltonians in this section.
The symmetry properties of Majorana fermions are
summarized as Eq. (4) in the main text, thus we can
discuss the symmetry properties of Hamiltonian directly.
Under rotation and reflection,
R : γ1γ
′
1γ3γ
′
3 7→ γ2γ′2γ4γ′4
γ2γ
′
2γ4γ
′
4 7→ γ3γ′3γ1γ′1 = γ1γ′1γ3γ′3
M : γ1γ
′
1γ3γ
′
3 7→ (−γ1)γ′1(−γ3)γ′3 = γ1γ′1γ3γ′3
γ2γ
′
2γ4γ
′
4 7→ (−γ4)γ′4(−γ2)γ′2 = γ2γ′2γ4γ′4
(S7)
Hence HU is invariant under D4 symmetry. In large U
limit, HU gives the constraint as Eq. (7) in the main
text, which can be rephrased as following:
γ1γ
′
3 = γ3γ
′
1, γ2γ
′
4 = γ4γ
′
2 (S8)
Therefore, under rotation and reflection,
R : γ1γ
′
1γ2γ
′
2 7→ γ2γ′2γ3γ′3 = γ1γ′1γ2γ′2 (S9)
R : γ1γ2γ
′
3γ
′
4 7→γ2γ3γ′4γ′1 = −γ2γ3γ′1γ′4
=− γ2γ1γ′3γ′4 = γ1γ2γ′3γ′4 (S10)
M : γ1γ
′
1γ2γ
′
2 7→(−γ1)γ′1(−γ4)γ′4 = γ1γ′1γ4γ′4
=γ1γ
′
1γ2γ
′
2 (S11)
M : γ1γ2γ
′
3γ
′
4 7→(−γ1)(−γ4)γ′3γ′2 = −γ1γ′3γ4γ′2
=− γ1γ′3γ2γ′4 = γ1γ2γ′3γ′4 (S12)
Hence HJ is invariant under D4 symmetry. Therefore,
the interacting Hamiltonians we used to gap out the dan-
gling Majorana fermions as the edge modes of the dec-
orated 1D FSPT states near the 0D block are D4 sym-
metric.
The symmetry properties of interacting Hamiltonian
can be manifested more clearly and transparent by an
alternative notion. Define 4 complex fermions:
c†1 =
1
2
(γ1 + iγ3), c
†
2 =
1
2
(γ2 + iγ4)
c′†1 =
1
2
(γ′1 + iγ
′
3), c
′†
2 =
1
2
(γ′2 + iγ
′
4)
(S13)
With the rotation and reflection properties:
R :
(
c†1, c
′†
1 , c
†
2, c
′†
2
)
7→
(
c†2, c
′†
2 , ic1, ic
′
1
)
M :
(
c†1, c
′†
1 , c
†
2, c
′†
2
)
7→
(
−c†1, c′†1 ,−ic2, ic′2
) (S14)
which can be easily verify by the rotation and reflection
properties of corresponding Majorana fermions. Denote
nj = c
†
jcj , n
′
j = c
′†
j c
′
j , j = 1, 2. Firstly consider the
Hamiltonian with Hubbard interaction (U > 0):
HU = U
[
(n1 − 1
2
)(n′1 −
1
2
) + (n2 − 1
2
)(n′2 −
1
2
)
]
(S15)
There is a 4-fold ground-state degeneracy from (n1, n
′
1)
and (n2, n
′
2), which can be viewed as two spin-1/2 degrees
of freedom. In order to lift this degeneracy, we define two
spin-1/2 degrees of freedom as:
τµj =
(
c†j , c
′†
j
)
σµ
(
cj
c′j
)
(S16)
where j = 1, 2; µ = x, y, z, µj are Pauli matrices. We
can further add the following Hamiltonian:
HJ = J(τ
x
1 τ
x
2 + τ
z
1 τ
z
2 ), J > 0 (S17)
Thus we can gap out the Majorana fermions and lift the
ground state degeneracy by H = HU +HJ in a D4 sym-
metric way.
III. Mass term for boundary Majorana fermions
In the main text, as shown in Figs. 3 and 4, we put
several Majorana chains on the boundary of the system
and leaves an assembly of groups of Majorana fermions
on the boundary, and each group of 4 dangling Majorana
fermions can be gapped out by some proper interactions
and mass terms. In this section we will explain the strat-
egy of gapping the Majorana chains on the boundary.
Consider the Majorana fermions as shown in Eq. (9) in
the main text. Firstly we consider the following Hamil-
tonian of interaction (where the symbol b represents the
Hamiltonian on the boundary):
HbU = −Uγ′1γ1γαγ′δ, U > 0. (S18)
For ground state:
γ′1γ1γαγ
′
δ = 1 (S19)
According to the Eq. (9) in the main text, we can easy to
verify that HbU respects the reflection symmetry. How-
ever, HbU is not enough: the eigenvalues of HbU are ±1
and each eigenvalue has 2-fold degeneracy, hence there
is a 2-fold ground state degeneracy. To lift this ground
8state degeneracy, we define the following spin-1/2 degrees
of freedom:
Γx =
i
2
γ′1γ1, Γy =
i
2
γ′1γα, Γz =
i
2
γ′1γ
′
δ (S20)
Within the constraint subspace as shown in Eq. (S19), it
is easy to verify that the operators defined in Eq. (S20)
satisfies the commutation relations of the spin-1/2 degree
of freedom. Furthermore, it has the reflection symmetry
properties:
M : (Γx,Γy,Γz) 7→ (−Γx,Γz,Γy) (S21)
Thus we can further add a mass term to the Hamiltonian:
Hbm = m(Γy + Γz), m > 0 (S22)
According to Eq. (S21), Hbm is symmetric under reflec-
tion. Hence the 2-fold ground state degeneracy can be
lifted by the mass term Hbm, and this group of Majorana
fermions can be gapped out by Hb = HbU + Hbm in a
symmetric way.
IV. 2D FSPT phases with odd-fold dihedral group
In this section, we classify 2D FSPT phases with odd-
order dihedral group by explicit block-state construction,
similar with the main text. We demonstrate this con-
struction by an example: 2D FSPT phases with D3 (with
rotation and reflection generators R and M , respec-
tively) symmetry for the system with spinless fermions.
Firstly we extended trivialize the system and encode
all properties of the ground state wavefunction into some
lower-dimensional block states (cf. Fig. S2, and we take
the same notation with the main text):
|ψ′〉 = OlocR |ψ〉 =
⊗
g∈D3
|TgU 〉 ⊗
3,c⊗
i=1,a
|ψi〉 ⊗ |ψ0D〉 (S23)
Sequentially we consider the lower-dimensional block-
state decorations on 1D and 0D subsystems (|ψi〉 and
|ψ0D〉, respectively).
A. Block-state decorations
Firstly we investigate the 1D block-state decorations.
Similar with the main text, we divide these 6 semi-
infinite chains into two categories: category-I, (1, 2, 3)
and category-II, (a, b, c) because they are independent
with each other under arbitrary symmetry actions of D3
symmetry group (cf. Fig. S2). Again, for each semi-
infinite chain, there are two possible root states: Majo-
rana chain and a 1D FSPT state which can be realized
by 2 copies of Majorana chains.
FIG. S2. Extended trivialization of 2D FSPT phases with D3
symmetry. Here all shadowed regimes are trivialized accord-
ing to Eq. (S23).
For spinless fermions, there is only one possible block-
state construction which can contribute a nontrivial SPT
state: decorate a Majorana chain on each semi-infinite
chains in both categories. It leaves 6 dangling Majorana
fermions located at the 0D block, labeled by γj , j =
1, 2, ..., 6, with the following symmetric properties:
R : γj 7→ γj+2, j ∈ Z(mod 6)
M : γj 7→ γ8−j , j ∈ Z(mod 6)
(S24)
And all subscripts take the values with modulo 6. Then
introduce the following Hamiltonian:
H = i(γ1γ4 + γ2γ5 + γ3γ6) (S25)
It is easy to verify that Eq. (S25) keeps invariant under
arbitrary symmetry operations, according to Eq. (S24).
So Majorana chain decorations on all semi-infinite chains
are compatible with all symmetries and contributes a
nontrivial SPT state.
Sequentially we consider the 0D block-state decora-
tions. D3 symmetry acting on 0D block is identical with
the internal symmetry Z3oZ2. And the number of inde-
pendent irreducible representations of Z3 o Z2 is deter-
mined by group cohomology:
H1
[
Z3 o Z2, U(1)
]
= Z2 (S26)
So only nontrivial eigenvalues of reflection symmetry op-
eration can contribute nontrivial block-state (irrelevant
with the rotation subgroup) [1], and it can be trivialized
by an atomic insulating state as:
|ψ〉0D = c†0c†1|0〉 (S27)
9here c0 and c1 are two complex fermions with the follow-
ing reflection symmetry properties:
M : c0 ←→ c1 (S28)
Under the reflection symmetry, the atomic insulating
state [cf. Eq. (S27)] has eigenvalue −1:
M : |ψ〉0D 7−→ −|ψ〉0D (S29)
Furthermore, according to Ref. 2, a Majorana chain sur-
rounding the 0D block is introduced to trivialize the
0D block-state with odd fermion parity, so 0D block-
state decorations have no contributions to nontrivial SPT
states. So the eventual classification of 2D FSPT phases
with D3 symmetry for spinless fermions is Z2.
Similar scheme of construction can be held for spin-1/2
fermions and obtain a trivial classification of the corre-
sponding 2D FSPT phases with D3 symmetry.
B. Relationship with reflection SPT phases
According to aforementioned discussions, the classifi-
cations of 2D FSPT phases with D3 symmetry group
coincide with the classifications of 2D FSPT phases
with reflection symmetry, for both spinless and spin-1/2
fermions. So we discuss about the relationship between
these two cases.
The abstract group structure of D3 group is Z3 o Z2,
therefore the extensions of Zf2 fermion parity of D3 group
are labeled by the factor system of the following short
exact sequence (cf. Sec. ):
0 −→ Zf2 −→ Gf −→ Z3 o Z2 −→ 0 (S30)
where Gf is the total symmetry group of the system. The
factor systems of Eq. (S30) are labeled by 2-cocycles in:
H2
(
Z3 o Z2,Zf2
)
= Z2 (S31)
And the only nontrivial 2-cocycle is solely related to the
reflection subgroup of the D3 group. Hence according to
Eqs. (S26) and (S31), 2D FSPT phases with D3 group
are only relevant with the reflection subgroup of D3 sym-
metry group.
V. Trivialization of fermion parity of 0D block
In the main text, we introduce an enclosed Majorana
chain surrounding the 0D block to trivialize the nontriv-
ial fermion parity of 0D block-state. Therefore in this
section we demonstrate more details about this type of
trivialization.
FIG. S3. Majorana chain surrounding the 0D block. Here
each ellipse expresses an entanglement pair, each link repre-
sents a site, and the dashed line represents the reflection axis.
Each arrow represents the direction of the corresponding en-
tanglement pair.
The Hamiltonian of the Majorana chain surrounding
the 0D block is:
H = i
8∑
j=1
γjγ
′
j (S32)
and illustrated in Fig. S3. It is easy to verify that Eq.
(S32) respects the fullD4 symmetry: the symmetry prop-
erties of these Majorana fermions are (all subscripts take
the value with modulo 8):
R : γj 7→ γj+2, γ′j 7→ γ′j+2, j ∈ Z(mod 8)
M : γj 7→ γ9−j , γ′j 7→ γ′9−j , j ∈ Z(mod 8)
(S33)
And it is well-known that a Majorana chain ground state
with periodic boundary condition (PBC) has odd fermion
parity, therefore the 0D block-state with odd fermion par-
ity can be trivialized by this Majorana chain.
VI. Classification of 2D FSPT phases with internal
symmetry
In this section we systematically introduce the clas-
sification of 2D FSPT phases with Zn and Zn o ZT2
internal symmetry, by using the “general group super-
cohomology” methods established in Ref. 3 and 4 and
compare them with the classification of 2D FSPT phases
with point group symmetries in order to conjecture the
generalized “crystalline equivalence principle”.
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A. Internal Zn symmetry
In this subsection we calculate the classification of 2D
FSPT phases with internal Zn symmetry, for pedagogical
purpose. The total symmetry group Gf is a central Zf2
extension of the physical symmetry group Zn:
0 −→ Zf2 −→ Gf −→ Zn −→ 0 (S34)
and total number of this central extension is determined
by the factor system of this short exact sequence (see Sec.
), which is a 2-group cohomology:
H2
(
Zn,Zf2
)
=
{
Z1, n is odd
Z2, n is even
(S35)
so we shall investigate the classifications of odd/even n
separately.
1. n ∈ odd
For n ∈ odd case, according to Eq. (S35), there is only
one possible (trivial) extension of fermion parity, which
is labeled by Zf2 × Zn. The classification data are:
(n1, n2, ν3) ∈ H1(Zn,Z2)×H2(Zn,Z2)×H3 [Zn, U(1)]
= Z1 × Z1 × Zn (S36)
and there are no obstructions or trivializations. So the
ultimate classification of 2D FSPT phases with internal
Zn symmetry (n ∈ odd) is Zn.
2. n ∈ even
For n ∈ even case, according to Eq. (S35), there are
two possible extensions of fermion parity, which are la-
beled by Zf2 × Zn and Zf2n (gn = ±1, g ∈ Zn). The
classification data are:
(n1, n2, ν3) ∈ H1(Zn,Z2)×H2(Zn,Z2)×H3 [Zn, U(1)]
= Z2 × Z2 × Zn (S37)
For Zn×Zf2 case, there are no obstructions and trivializa-
tions. So the ultimate classification of 2D FSPT phases
with internal Zn symmetry (n ∈ even) is Z22 × Zn. For
Zf2n case, all nontrivial n1 and n2 are obstructed, and half
of nontrivial ν3 are trivialized by anomalous symmetry
protected topological (ASPT) phases [5] characterized by
(−1)ω2^n1 , where ω2 characterizes the factor system of
the central extension Eq. (S34). All results are sum-
marized in the main text, for different Zn and systems
with spinless/spin-1/2 fermions (different extensions of
fermion parity).
B. Internal Zn o ZT2 symmetry
In this subsection we calculate the classification of 2D
FSPT phases with internal ZnoZT2 symmetry, where ZT2
is antiunitary time-reversal symmetry. The total symme-
try group Gf is a central extension of fermion parity of
physical symmetry:
0 −→ Zf2 −→ Gf −→ Zn o ZT2 −→ 0 (S38)
and total number of this central extension is determined
by the factor system of this short exact sequence:
H2
(
Zn o ZT2 ,Z
f
2
)
=
{
Z2, n is odd
Z32, n is even
(S39)
So we shall investigate the classifications of odd/even n
separately.
1. n ∈ odd
For n ∈ odd case, according to Eq. (S39), there
are 2 possible extensions of fermion parity (actually the
fermion parity only extends the time-reversal subgroup
of Gb = Zn o ZT2 group for n ∈ odd case), which are
labeled by T 2 = ±1 (which corresponds to spinless and
spin-1/2 fermions). The classification data are:
(n1, n2, ν3) ∈ H1(Gb,Z2)×H2(Gb,Z2)×H3 [Gb, UT(1)]
= Z2 × Z2 × Z1 (S40)
for T 2 = 1 case (spinless fermions), all nontrivial n1 and
n2 are obstructed, so the ultimate classification of this
case is trivial. For T 2 = −1 case (spin-1/2 fermions),
nontrivial n1 (which corresponds to the Majorana chain
decoration) is obstructed, therefore the ultimate classifi-
cation of this case is Z2. All results are summarized in
the main text.
2. n ∈ even
For n ∈ even integer case, according to Eq. (S39),
there are 8 possible extensions of fermion parity of
the Zn o ZT2 group, which are labeled by 3 indices
(T 2, gn, (T gn/2)2) = (±1,±1,±1) as abbreviated 2-
cocycles, where T ∈ ZT2 and g ∈ Zn are generators of the
corresponding symmetry group. We demonstrate only
2 of them for simplicity: T 2 = gn = (T gn/2)2 = ±1
(which correspond to systems with spinless and spin-1/2
fermions), and similar arguments can be held to all other
cases with different extensions of fermion parity. The
classification data are:
(n1, n2, ν3) ∈ H1(Gb,Z2)×H2(Gb,Z2)×H3 [Gb, UT(1)]
= Z22 × Z32 × Z22 (S41)
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And the explicit expressions of cocycles for H1(Gb,Z2) =
Z22 and H2(Gb,Z2) = Z32 are also be presented as follows.
Let a = xaxyay (0 ≤ ax < n, 0 ≤ ay ≤ 1) be an element
of Dn. Then H1(Dn,Z2) = Z22 is generated by:
n1(a) = ax (mod 2)
n1(a) = ay (mod 2)
(S42)
and H2(Dn,Z2) = Z32 is generated by:
n2(a, b) = axbx (mod 2)
n2(a, b) = ayby (mod 2)
n2(a, b) =
⌊
[ax + (−1)aybx]2n
n
⌋ (S43)
where we define [x]n = x (mod n) and bxc as the greatest
integer less than or equal to x.
For T 2 = gn = (T gn/2)2 = −1 case (system with
spin-1/2 fermions), only one nontrivial n2 is obstruction
free (the last formula in Eq. (S43), which correspond to
the complex fermion decoration of 2D FSPT phases), all
other nontrivial n1 and n2 are obstructed. Furthermore,
all nontrivial 3-cocycle ν3 are trivialized by nontrivial
(−1)ω2^n1 (ASPT phases on the boundary) which is not
a 3-coboundary. So the ultimate classification of this case
is Z2.
For T 2 = gn = (T gn/2)2 = 1 case, all nontrivial n1
and n2 are obstructed, but there is no trivialization on
ν3 because the factor system ω2 ∈ H2(Gb,Zf2 ) is trivial.
So the ultimate classification of this case are contributed
solely from ν3 ∈ H3[Gb, UT(1)] = Z22. All results for these
cases are summarized in the main text.
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